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Abstract
We develop a systematic theory of microwave-induced oscillations in magnetoresistivity of a 2D electron gas in the vicinity of
fractional harmonics of the cyclotron resonance, observed in recent experiments. We show that in the limit of well-separated
Landau levels the effect is dominated by the multiphoton inelastic mechanism. At moderate magnetic field, two single-photon
mechanisms become important. One of them is due to resonant series of multiple single-photon transitions, while the other
originates from microwave-induced sidebands in the density of states of disorder-broadened Landau levels.
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1. Introduction
Recently, much attention has been attracted to the
discovery of microwave-induced resistance oscillations
(MIRO) [1], followed by the spectacular observation
of zero-resistance states (ZRS) in the oscillation min-
ima [2,3]. Two microscopic mechanisms of the MIRO
have been proposed: the “displacement” mechanism
related to the effect of microwaves on the impurity
scattering [4,5,6], and the “inelastic” mechanism ac-
counting for nonequilibrium oscillatory changes in the
electron distribution [7,8]. Both mechanisms rely on
the energy oscillations of the density of states (DOS)
ν(ε) of disorder-broadened Landau levels (LLs) and
reproduce the observed phase of the ω/ωc–oscillations
(here, ω and ωc = eB/mc are the microwave and the
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cyclotron frequencies). The inelastic mechanism yields
temperature-dependent MIRO with the amplitude,
proportional to the inelastic scattering time τin ∝ T
−2,
while the displacement contribution is T -independent,
in disagreement with the experiments. At relevant
T ∼ 1 K, the inelastic effect dominates and the cor-
responding theory [7,8] reproduces the experimental
observations [1,2,3].
Further experimental investigations at elevated
microwave power led to the discovery of “frac-
tional” MIRO and ZRS [9,10] located near the frac-
tional harmonics of the cyclotron resonance, ω/ωc =
1/2, 3/2, 5/2, 2/3.., to be contrasted with the integer
MIRO [1,2,3]. These remarkable observations moti-
vated the present study where we address multipho-
ton effects and effects of the microwave radiation on
the electronic spectrum, which govern the fractional
MIRO in the case of separated LLs.
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2. Inelastic mechanism of the MIRO
We start by including the multiphoton processes in
the theory [7,8]. In a classically strong magnetic field,
ωcτtr ≫ 1, the diagonal resistivity ρxx reads [7]
ρxx/ρ
D
xx =
Z
dεν˜2(ε)∂εf(ε), (1)
where ρDxx = (e
2v2F ν0τtr)
−1 is the Drude resistivity, vF
the Fermi velocity, τtr the transport scattering time,
ν0 = m/2pi, and ν˜(ε) = ν(ε)/ν0 the dimensionless den-
sity of states (DOS) of disorder-broadened LLs. The
MIRO originate from the microvave-induced oscilla-
tions in the distribution function f(ε), which obeys the
kinetic equation
f(ε)−fT (ε)=
τin
4τq
X
n
Anν˜(ε−nω)[f(ε−nω)−f(ε)]. (2)
Here An = A−n describes the probability of n-photon
absorption (emission) and fT (ε) is the thermal distri-
bution. The leading contribution to the integer MIRO
comes from the single-photon A1 = A−1 ≡ Pω, where
Pω = (τq/τtr)(evFEω)
2/ω2(ω + ωc)
2 . (3)
HereEω is the amplitude of the circularly polarized mi-
crowave field [11], and τq ≪ τin, τtr is the total (quan-
tum) disorder-induced scattering time. If one assumes,
in accord with the experimental conditions, that the
temperature is high, 2pi2T/ωc ≫ 1, the contribution
to ρxx of first order in Pω takes the form [7,8]
ρxx/ρ
D
xx = 〈ν˜
2(ε)〉ε + (τin/4τq)PωF (ω), (4)
where 〈. . .〉ε denotes the averaging over the period ωc of
the DOS, and the function F (Ω) oscillates with Ω/ωc,
F (Ω) = Ω 〈ν˜2(ε) ∂ε[ ν˜(ε+ Ω) + ν˜(ε−Ω) ] 〉ε.
In the limit of separated LLs, ωcτq ≫ 1, the DOS
ν˜(ε) = τqRe
p
Γ2 − (δε)2 is a sequence of semicircles
of width 2Γ = 2(2ωc/piτq)
1/2, where δε is the detuning
from the center (n+1
2
)ωc of the nearest LL. In that case
F (Ω) = (16Ωω2c/3pi
2Γ3) Φ[(Ω−NΩωc)/Γ], (5)
where NΩ is the integer number closest to Ω/ωc, and
the odd function Φ(x) is nonzero at |x| < 2 (Fig. 1)
Φ(x)=x(1+|x|)
p
|x|(2− |x|)−3x arccos(|x|−1) . (6)
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Fig. 1. Function Φ(x), Eq. (6).
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Fig. 2. Illustration of the processes leading to the frac-
tional MIRO, for ω/ωc = 1/2 + Γ/2 and ωc/Γ = 7. Sin-
gle-photon transitions within and between LLs (solid lines)
are forbidden, while two-photon processes are allowed. The
microwave-induced sidebands (8) (dashed line) make sin-
gle-photon processes possible.
3. Inelastic multiphoton mechanism of the
fractional MIRO
Provided Γ≪ ωc, the oscillatory part of ρxx (4) is finite
only in narrow intervals (ω − Nωc) < 4Γ around the
integer values ω/ωc = N [12]. Outside these intervals
ν(ε)ν(ε+ ω) ≡ 0. Therefore, single-photon absorption
is forbidden, so that f(ε) = fT (ε) as long as multipho-
ton processes, given by An with |n| > 1, are not taken
into account. Inclusion of two-photon processes leads
to the appearance of the fractional MIRO in the fre-
quency intervals |ω − (N + 1/2)ωc| < Γ, N = 0, 1, 2..,
where ν(ε)ν(ε+2ω) 6= 0 (see Fig. 2). In these intervals,
ρxx/ρ
D
xx = 〈ν˜
2(ε)〉ε + (3τin/32τq)P
2
ωF (2ω), (7)
where we used A2 = A−2 = 3P
2
ω/8 [6,13]. The dou-
bling of the argument of the function F in Eq. (7) [as
compared to the integer MIRO, Eq. (4)] reflects the
two-photon nature of the effect and leads to the emer-
gence of the fractional MIRO at half-integer ω/ωc. The
form and phase of the fractional oscillations (7) repro-
duce those for the integer MIRO, Eq. (4). Similarly to
the integer case, there exists [14] a multiphoton con-
tribution to the fractional MIRO governed by the dis-
placement mechanism [4,5,6], which has a similar form
but is a factor ωcτin/τqΓ≫ 1 smaller [16] than the in-
elastic one (7).
2
With increasing microwave power Pω, the resistivity
(7) in the oscillation minima becomes negative, which
indicates a transition to the ZRS [15]. Remarkably,
like in the integer case [8], the leading-order approxi-
mation (7) for the multiphoton inelastic effect is suffi-
cient to describe the fractional photoresponse even at
such high power, since the second order contribution
∝ (P 2ωτin/τq)
2 remains small in the parameter Γ/ωc.
4. Sidebandmechanism of the fractional MIRO
Using the formalism developed in [6], it can be shown
that the microwave illumination results in the appear-
ance of ”sidebands” in the DOS, located at distance
ω on both sides of every LL (see Fig. 2). To first or-
der in Pω and assuming again |ω − (N + 1/2)ωc| < Γ,
we obtain the following expression for the microwave-
induced sidebands [16]:
ν˜(sb)(ε) = (piPω/8ωcτq) [ ν˜(ε+ ω) + ν˜(ε− ω) ] , (8)
where ν˜(ε) is the unperturbed DOS. In the presence of
the sidebands, single-photon transitions become pos-
sible (Fig. 2), ν˜(ε)ν˜(sb)(ε ± ω) 6= 0, resulting in the
“sideband” contribution to the fractional MIRO,
ρ(sb)xx /ρ
D
xx = (piτin/64ωcτ
2
q )P
2
ω F (2ω) , (9)
which has the same form as the leading two-photon in-
elastic contribution (7), but is smaller a factor ωcτq.
One more contribution originates from the sidebands
oscillating in time with frequency 2ω. “Oscillating side-
band” contribution [16] is symmetric with respect to
the detuning from the fractional resonances, in contrast
to the antisymmetric F (2ω), and is a factor (ωcτq)
1/2
smaller than the two-photon contribution (7).
5. Conclusion
In the limit of well-separated LLs, ωc ≫ Γ, the frac-
tional MIRO are governed by the multiphoton inelas-
tic mechanism, Eq. (7). At ωc ∼ Γ, the sideband con-
tribution (9) becomes relevant. Close to ωc at which
LLs start to overlap; specifically, at ωc < 4Γ, the ef-
fect is dominated by the resonant series of multiple
single-photon transitions [10,17]. This effect appears
at order (τinPω/τq)
2. In the limit of strongly overlap-
ping LLs, the fractional features get exponentially sup-
pressed with respect to the integer MIRO [17,13].
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